Reflections upon the Emergence of Hadronic Mass by Roberts, Craig D. & Schmidt, Sebastian M.
Preprint no. NJU-INP 018/20
Reflections upon the Emergence of Hadronic Mass
Craig D. Roberts1, 2, ∗ and Sebastian M. Schmidt3, 4, †
1School of Physics, Nanjing University, Nanjing, Jiangsu 210093, China
2Institute for Nonperturbative Physics, Nanjing University, Nanjing, Jiangsu 210093, China
3RWTH Aachen University, III. Physikalisches Institut B, Aachen D-52074, Germany
4Helmholtz-Zentrum Dresden-Rossendorf, Dresden D-01314, Germany
(Dated: 25 May 2020)
Abstract. With discovery of the Higgs boson, science has located the source for . 2% of the mass
of visible matter. The focus of attention can now shift to the search for the origin of the remaining
& 98%. The instruments at work here must be capable of simultaneously generating the 1 GeV
mass-scale associated with the nucleon and ensuring that this mass-scale is completely hidden in
the chiral-limit pion. This hunt for an understanding of the emergence of hadronic mass (EHM) has
actually been underway for many years. What is changing are the impacts of QCD-related theory,
through the elucidation of clear signals for EHM in hadron observables, and the ability of modern
and planned experimental facilities to access these observables. These developments are exemplified
in a discussion of the evolving understanding of pion and kaon parton distributions.
I. INTRODUCTION
A key question posed to modern science centres on the
character of mass and its consequences in the Standard
Model, especially as it emerges from the strong interac-
tion sector; namely, quantum chromodynamics (QCD).
When considering the source of mass, the first thing
that comes to many minds is explicit mass generation
via the Higgs-mechanism; especially because the Higgs
boson was discovered relatively recently [1, 2], with its
importance acknowledged by the subsequent Nobel Prize
awarded to Englert and Higgs [3, 4]: “for the theoretical
discovery of a mechanism that contributes to our under-
standing of the origin of mass of subatomic particles . . . ”.
Discovery of the Higgs was a watershed. However,
it should be placed in context. Therefore, consider the
mass-energy budget of the Universe, illustrated in Fig. 1:
dark energy constitutes 71%; dark matter is another 24%;
and the remaining 5% is visible material. Little is known
about the first two: science can currently say almost
nothing about 95% of the mass-energy in the Universe.
The explanation lies outside the Standard Model. On
the other hand, the remaining 5% has forever been the
source of everything tangible. Yet, amongst this 5%, less-
than 0.1% is tied directly to the Higgs boson; hence, even
concerning visible material, too much remains unknown.
More than 98% of visible mass is contained within nu-
clei. In first approximation, their atomic weights are sim-
ply the sum of the masses of all the neutrons and pro-
tons (nucleons) they contain. Each nucleon has a mass
mN ∼ 1 GeV, i.e. approximately 2000-times the electron
mass. The Higgs boson produces the latter, but what
produces the masses of the neutron and proton? This is
the question posed above, which is pivotal to the devel-
opment of modern physics: how can science explain the
emergence of hadronic mass (EHM)?
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Within the Standard Model, strong interactions are
described by QCD. In this theory, nucleons and all simi-
lar objects (hadrons), are composites, built from quarks
and/or antiquarks (matter/antimatter fields), held to-
gether by forces produced by the exchange of gluons
(gauge fields). These forces are unlike any previously en-
countered. Extraordinarily, e.g. they become very weak
when two quarks are brought close together within a nu-
cleon [7–9]. However, all attempts to remove a single
quark from within a nucleon and isolate it in a detector
have failed. Seemingly, then, the forces become enor-
mously strong as the separation between quarks is in-
creased [10].
Modern science is thus encumbered with the funda-
mental problem of gluon and quark confinement; and
confinement is crucial because it ensures absolute stabil-
FIG. 1. The Wilkinson Microwave Anisotropy Probe
(WMAP) [5] determined that the universe is flat, from which
it follows that the mean energy density in the Universe is
equal to the critical density, viz. only 5.9 protons/m3. Of this
total density [6]: dark energy is 71%; dark matter is another
24%; and the remaining 5% is visible material. Of this 5%,
less than 0.1% is tied simply to the Higgs boson, as indicated
by the yellow sliver at the top of the disk.
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2FIG. 2. QCD’s Lagrangian density can be expressed in
merely two lines: ψ – quark field; ψ¯ – antiquark; and Aaµ, a =
1, . . . , 8 – gluon field. The matrices { 1
2
λa} are the generators
of the SU(3) (color/chromo) gauge-group in the fundamental
representation; and m is the current-quark mass generated by
the Higgs boson.
ity of the proton. In the absence of confinement, protons
in isolation could decay; the hydrogen atom would be un-
stable; nucleosynthesis would be a chance event, having
no lasting consequences; and without nuclei, there would
be no stars and no living Universe. Without confinement,
our Universe cannot exist.
As the 21st Century began, the Clay Mathematics In-
stitute established seven Millennium Prize Problems [11].
Each represents one of the toughest challenges in math-
ematics. The set contains the problem of confinement;
and presenting a sound solution will win its discoverer
$1,000,000. Even with such motivation, today, almost
fifty years after the discovery of quarks [12–14], no rig-
orous solution has been found. Confinement and EHM
are inextricably linked. Consequently, as science plans
for the next thirty years, solving the problem of EHM
has become a grand challenge.
II. QCD IS FULL OF SURPRISES
Regarding Fig. 2, in appearance, QCD is simple. It is
also unique. QCD is a fundamental theory with the ca-
pacity to sustain massless elementary degrees-of-freedom,
viz. gluons and quarks; yet gluons and quarks are pre-
dicted to acquire mass dynamically [15–23], and nucle-
ons and almost all other hadrons likewise, so that the
only (nearly-) massless systems in QCD are its compos-
ite (pseudo-) Nambu-Goldstone (NG) bosons [24–26], e.g.
pions and kaons.
The existence of pions and kaons and their “unnat-
urally” small masses are empirical facts [27]. Following
their discovery [28, 29], identification of pi- and K-mesons
as the NG modes that emerge with dynamical chiral sym-
metry breaking (DCSB – explained below) in the Stan-
dard Model was a gradual process [30]. Elucidation of the
diverse array of local and global consequences of this as-
sociation is still underway. Aspects of the ongoing effort
are sketched herein, with a focus on parton distribution
functions (PDFs), the study of which has a long history.
Introduced fifty years ago [31], PDFs are probability den-
sities that catalogue the sharing of momentum between
all participants in a fully relativistic quantum field the-
ory bound state. Notably, today, sound QCD-connected
predictions are at last becoming available.
An understanding of QCD’s NG modes is basic to any
solution of the Standard Model; yet, they are peculiar.
For example, pions and kaons are responsible for binding
systems as diverse as atomic nuclei and neutron stars,
but the energy associated with the gluons and quarks
within these NG modes is not readily apparent. This con-
trasts starkly with all other “everyday” hadronic bound
states, viz. systems constituted from u-, d-, and/or s-
quarks, which possess nuclear-size masses far in excess of
anything that can directly be tied to the Higgs boson.
In trying to match QCD with Nature, one confronts
the many complexities of strong, nonlinear dynamics in
relativistic quantum field theory, e.g. the loss of particle
number conservation, the frame and scale dependence of
the explanations and interpretations of observable pro-
cesses, and the evolving character of the relevant degrees-
of-freedom. Electroweak theory and phenomena are es-
sentially perturbative; hence, possess little of this com-
plexity. Science has never before encountered an inter-
action such as that at work in QCD. Understanding this
interaction, explaining everything of which it is capable,
can potentially change the way we look at the Universe.
In comparison with quantum electrodynamics (QED),
the sole, essential difference is the circled term in Fig. 2,
describing gluon self-interactions. If QCD is correct, a
conjecture supported by its ability to describe a wide va-
riety of high-energy phenomena [27], then this term must
hold the answers to an enormous number of Nature’s ba-
sic questions, e.g.: what is the origin of visible mass and
how is it distributed within atomic nuclei; and what car-
ries the proton’s spin and how can the same degrees-of-
freedom combine to ensure the pion is spinless? Nowhere
in the visible Universe are there more basic expressions
of emergence.
Treated as a classical theory, chromodynamics is a
non-Abelian local gauge field theory. Formulated in four
spacetime dimensions, such theories do not possess any
mass-scale in the absence of Lagrangian masses for the
quarks. There is no dynamics in a scale-invariant theory,
only kinematics. Bound states are therefore impossible
and, accordingly, our Universe cannot exist [32]. A spon-
taneous breaking of symmetry, as realized via the Higgs
mechanism, does not solve this problem: the masses of
the neutron and proton, the kernels of all visible matter,
are roughly 100-times larger than the Higgs-generated
current-masses of the light u- and d-quarks, the valence
constituents of nucleons.
On the flip side, the real world’s composite NG bosons
are (nearly) massless. Hence, in these systems, the strong
interaction’s mN := mproton ≈ 1 GeV mass-scale is effec-
tively hidden. In fact, there is a particular circumstance
in which the pseudoscalar mesons pi, K, η are exactly
massless, i.e. the chiral limit, when the Higgs-generated
masses in Fig. 2 are omitted. In this case, perturbative
QCD predicts that strong interactions cannot distinguish
between quarks with negative or positive helicity. Such
a chiral symmetry would have numerous corollaries, e.g.
existence of a scalar meson degenerate with the pion.
3However, no state of this type is observed. In fact, none
of the consequences of this chiral symmetry are found
in Nature. Instead, the symmetry is broken by inter-
actions. DCSB is the agent behind both the massless
quarks in QCD’s Lagrangian acquiring a large effective
mass [33–35] and the interaction energy between those
quarks cancelling the sum of their masses exactly so that
the composite pion is massless in the chiral limit [36–38].
Reinstating the Higgs mechanism, then, as illustrated
elsewhere (e.g. Refs. [39–41]), DCSB is responsible for,
inter alia: the physical size of the pion mass (mpi ≈
0.15mN ); the large mass-splitting between the pion and
its valence-quark spin-flip partner, the ρ-meson (mρ >
5mpi); and the neutron and proton possessing masses
mN ≈ 1 GeV. Interesting things happen to the kaon,
too. Like a pion, but with one of the light quarks re-
placed by a s-quark, the kaon comes to possess a mass
mK ≈ 0.5 GeV. Here a competition is taking place, be-
tween dynamical and Higgs-driven mass generation.
These phenomena and features, their origins and corol-
laries, entail that the question of how did the Universe
evolve is inseparable from the questions of what is the
source of the mN ≈ 1 GeV mass-scale that characterizes
atomic nuclei; why does mN have the observed value;
and, enigmatically, why does the dynamical generation
of mN have seemingly no effect on QCD’s composite NG
bosons, i.e. whence the near-absence of the pion mass?
III. QCD’S RUNNING COUPLING
When considering confinement, the definition is a core
issue. Ask a practitioner and one will receive an answer;
yet the perspectives of any two people are often distinct,
e.g. Refs. [10, 18, 42]. The proof of one expression of con-
finement will be contained within a demonstration that
quantum SUc(3) gauge field theory is mathematically
well-defined, i.e. a solution to the “Millennium Problem”
[11]. However, that may be of limited value because Na-
ture has provided light-quark degrees-of-freedom, which
seemingly play a crucial roˆle in the empirical realisation
of confinement, perhaps because they enable screening of
colour charge at low coupling strengths [42].
QCD’s running coupling is basic to most attempts
to define and understand confinement because, almost
immediately following the demonstration of asymptotic
freedom [7–9], the associated appearance of an infrared
Landau pole in the perturbative expression for the run-
ning coupling spawned the idea of infrared slavery, viz.
confinement expressed through a far-infrared divergence
in the coupling. In the absence of a nonperturbative def-
inition of a unique running coupling, this idea is just a
conjecture. Notwithstanding that, and possibly inspired
by the challenge, attempts to solve the confinement puz-
zle by completing the nonperturbative definition and cal-
culation of a QCD running coupling have received ongo-
ing attention, e.g. Refs. [43, 44] and citations thereof.
The archetypal running coupling is that computed in
FIG. 3. Solid black curve within grey band – RGI PI
running-coupling, αˆ(k2)/pi, computed in Ref. [52] (Cui et al.
2020); and dot-dashed green curve – earlier result (R-Q et al.
2018) [53]. (The grey systematic uncertainty band bordered
by dashed curves is explained in Ref. [52].) For comparison,
world data on the process-dependent charge, αg1 , defined via
the Bjorken sum rule, are also depicted. (The data sources are
listed elsewhere [52]. For additional details, see Refs. [54–56].)
The k-axis scale is linear to the left of the vertical partition
and logarithmic otherwise.
QED [45], now known to great accuracy [27]. This Gell-
Mann–Low effective charge is renormalisation group in-
variant (RGI) and process-independent (PI). It is ob-
tained by simply computing the photon vacuum polar-
isation because ghost fields decouple in Abelian theories.
Calculations in QCD are normally more difficult be-
cause ghost fields do not decouple. However, combin-
ing the pinch technique (PT) [18, 46–48] and back-
ground field method (BFM) [49], QCD can be made to
“look” Abelian: one systematically rearranges classes of
diagrams and their sums in order to obtain modified
Schwinger functions that satisfy linear Slavnov-Taylor
identities [50, 51]. In the gauge sector, using Landau
gauge, this produces a modified gluon dressing function
from which one can compute a unique QCD running cou-
pling, which is RGI and PI.
These notions lead to the effective coupling, αˆ(k2), in-
troduced in Ref. [57]. Following improvements, particu-
larly in the results from numerical simulations of lattice-
regularised QCD (lQCD), the predictions have subse-
quently been refined [52, 53], with the result depicted
in Fig. 3. This charge is a unique strong-interaction ana-
logue of the Gell-Mann–Low effective coupling in QED.
Owing to the dynamical breakdown of scale invariance,
expressed through emergence of a RGI gluon mass-scale,
with calculated value m0/GeV = 0.43(1), this running
coupling saturates at infrared momenta:
αˆ(0)
pi
= 0.97(4) . (1)
Importantly, the appearance of this mass-scale does not
alter any Slavnov-Taylor identities [50, 51]; hence, all
4aspects and consequences of QCD’s BRST invariance
[58, 59] are preserved.
All properties of αˆ(k2) are parameter-free predictions.
Moreover, this running coupling is [52]: (i) pointwise
(almost) identical to the process-dependent (PD) effec-
tive charge [43, 44], αg1 , defined via the Bjorken sum
rule – as evident in Fig. 3; (ii) capable of marking the
boundary between soft and hard physics – as discussed in
Refs. [52, 60, 61]; and (iii) that process-dependent charge
which, used to integrate the one-loop DGLAP equations
[62–65], delivers agreement between pion parton distri-
bution functions (PDFs) calculated at the hadronic scale
and experiment [52, 60, 61]. In playing so many diverse
roˆles, αˆ(k2) emerges as a strong candidate for that ob-
ject which properly represents the interaction strength in
QCD at any given momentum scale.
Examining Fig. 3, it is clear that the Landau pole,
a prominent feature of perturbation theory, is screened
(eliminated) in QCD. This owes to the dynamical gener-
ation of a gluon mass-scale. Hence, the theory possesses
an infrared stable fixed point.1 Even more, it is evident
in Fig. 3 that QCD is approximately scale invariant on
0 < k2 . m20 because the coupling practically stops run-
ning within this “conformal window”.2 In consequence of
these features and with standard renormalisation theory
ensuring the ultraviolet behaviour is under control, QCD
emerges as a mathematically well-defined quantum field
theory in four dimensions.
IV. EMPIRICAL CONFINEMENT
Returning now to the question of confinement, Fig. 3
establishes that typical potential-model pictures are un-
realistic in assuming a “confining potential” between
light quarks. Instead, given that (2m0/mpi)
2 ≈ 40, light-
particle creation and annihilation effects are essentially
nonperturbative in QCD; thus it is impossible in princi-
ple to compute a quantum mechanical potential between
two light quarks [72–74].
An alternative viewpoint associates confinement with
dynamically-driven changes in the analytic structure of
QCD’s coloured propagators and vertices. The existence
of momentum-dependent gluon and quark masses ensures
such outcomes. Consequently, coloured n-point functions
violate the axiom of reflection positivity, in which case
1 In support of this position, it is worth remarking that in the ab-
sence of an infrared stable fixed point the coupling would diverge
at some infrared scale owing to the existence of a Landau pole.
No sign of such divergences is seen in experiment. Moreover,
lQCD also offers circumstantial support, viz. there is no signal
for the appearance of infrared divergences in the extrapolation
of lattice results to the infinite-volume limit.
2 Consequently, when used judiciously, a contact interaction can
yield reliable estimates of integrated, infrared observables, such
as masses and charges, e.g. Refs. [66–71].
the associated excitations are eliminated from the Hilbert
space associated with asymptotic states [75].
The violation of reflection positivity is a sufficient con-
dition for confinement [20, 22, 76–91]. It leads to a
dynamical picture of this phenomenon. Namely, sup-
pose a gluon or quark is produced and begins to prop-
agate. After a short spacetime interval, on the order
of 1/m0 ≈ 12 fm, an interaction occurs so that the par-
ton loses its identity, sharing it with others. This hap-
pens very often so that, finally, a cloud of partons is
produced, which coalesces into hadron final states. This
is the physics of parton fragmentation functions (PFFs),
which describe how QCD partons, generated in a high
energy event and (nearly) massless in perturbation the-
ory, convert into a shower of massive hadrons, i.e. PFFs
describe how hadrons with mass emerge from massless
partons.
This perspective suggests that PFFs are the cleanest
expression of dynamical confinement in QCD. Moreover,
PFFs are related to PDFs by crossing symmetry in the
neighbourhood of their common boundary of support
[92]. Hence, PFFs and PDFs can both provide funda-
mental insights into EHM.
The importance of PDFs and PFFs is further accentu-
ated by the fact that, today, China and the USA are
each separately working toward construction of high-
luminosity electron-ion colliders, EicC and EIC, respec-
tively. Hadron tomography is a defining goal of both
machines. Namely, precision measurements that will en-
able science to draw three-dimensional images of the pro-
ton and other hadrons. In so doing, they will chart
the domain of confinement and its relationship to all
other hadron properties. At both facilities, the media
of choice are generalised parton distributions (GPDs)
and transverse momentum dependent parton distribu-
tions (TMDs). Measurements of these quantities are ex-
pected to serve best in achieving hadron tomography.
Crucially, PDFs provide the boundary values for
GPDs. Moreover, every cross-section that can yield a
given TMD involves a related PFF in convolution; so the
PFF must be known precisely if the TMD is to be deter-
mined from the experiment. However, despite their im-
portance to the success of the roughly billion-dollar EicC
and EIC projects, science is only just beginning to deliver
sound predictions for pion PDFs; and there are no QCD-
connected calculations of PFFs, GPDs and TMDs. The
difficulty is that although these distribution and fragmen-
tation functions appear in cross-section formulae derived
using perturbative QCD, they are essentially nonpertur-
bative objects. Hence, their reliable calculation requires
use of nonperturbative methods; and such tools, whether
continuum or lattice, still require further development.
V. PION AS A GOLDSTONE MODE
As the carriers of electric charge, quarks are visible
in electron scattering experiments; hence, their distri-
5butions within hadrons can be measured. In order to
explain those measurements, it is necessary to know how
quarks propagate. This is described by the dressed-quark
propagator:
S(p) = 1/[iγ · pA(p2) +B(p2)] (2a)
= Z(p2)/[iγ · p+M(p2)] , (2b)
which is obtained as the solution of a gap equation whose
kernel is critically dependent upon αˆ(k2). M(p2) in
Eq. (2) is the RGI dressed-quark mass-function.
The dynamical generation of a running gluon mass in
QCD, characterised by the large mass-scale m0 ≈ mN/2
at infrared momenta, transmits into the matter sector
with the analogous emergence ofM(k2) [33–35]. Notably,
M(0) ≈ mN/3 in the chiral limit. This mass-function is
nonzero even in the absence of a Higgs mechanism, viz.
it is a signature feature of DCSB [93].
DCSB is a pivotal emergent phenomenon in QCD. It
is expressed in hadron wave functions [94–98]; and in
serving as the physical origin of a constituent-like quark
mass-scale, DCSB may be viewed as the source for more
than 98% of the visible mass in the Universe. More-
over, since classical massless chromodynamics is a scale-
invariant theory, it follows that DCSB is fundamentally
connected with the origin of mass from nothing.
It is important to insist that chiral symmetry break-
ing in the absence of a Higgs mechanism is dynamical,
as distinct from spontaneous, because nothing is added
to QCD in order to effect this outcome and there is no
simple change of variables in the QCD action that will
make it apparent. Instead, through the act of quantis-
ing the classical chromodynamics of massless gluons and
quarks, a large mass-scale is generated in both the gauge
and matter sectors.
DCSB is empirically revealed very clearly in properties
of the pion, whose structure in QCD is described by a
Bethe-Salpeter amplitude:
Γpi(k;P ) = γ5 [iEpi(k;P ) + γ · PFpi(k;P )
+ γ · k Gpi(k;P ) + σµνkµPνHpi(k;P )] , (3)
where k is the relative momentum between the valence-
quark and -antiquark constituents (defined here such that
the scalar functions in Eq. (3) are even under k · P →
−k·P ) and P is their total momentum. Γpi(k;P ) is simply
related to an object that would be the pion’s Schro¨dinger
wave function if a nonrelativistic limit were appropriate.
In chiral-limit QCD, if, and only if, chiral symmetry is
dynamically broken, then [36–38]:
f0piEpi(k; 0) = B(k
2) , (4)
where f0pi is the chiral-limit value of the pion’s leptonic
decay constant. This identity is remarkable. It is true in
any covariant gauge and independent of the renormali-
sation scheme; and it means that the two-body problem
is solved, nearly completely, once the solution to the one
body problem is known.
Eq. (4) is the most basic statement in QCD of the
Nambu-Goldstone theorem [24, 25]. It entails that pion
properties are an almost direct measure of the dressed-
quark mass function. Thus, enigmatically, the qualities
of the nearly-massless pion are the cleanest expression of
the mechanism that is responsible for virtually all visible
mass in the Universe.
As explained elsewhere [32], Eq. (4) is the keystone of
a proof that the pion remains massless in the chiral limit
irrespective of the emergence of a large gluon mass scale
which drives the nucleon mass to 1 GeV. In fact, in the
pseudoscalar channel, the sum of the dynamically gener-
ated masses of the quark and antiquark is precisely can-
celled by the attractive interaction energy between these
dressed constituents if, and only if, Eq. (4) is preserved:
Mdressedquark +M
dressed
antiquark
+ Udressedquark−antiquark interaction
chiral limit≡ 0 . (5)
This guarantees the disappearance of the scale anomaly
in the chiral-limit pion. Eq. (5) is not merely “hand-
waving”. Rather, it sketches the cancellations that take
place in the pseudoscalar projection of the fully-dressed
quark+antiquark scattering matrix, which can be dis-
played rigorously [39].
It has been known for more than fifty years that if one
reintroduces the Higgs mechanism, so that light-quark
current masses appear in the QCD Lagrangian, then [99]:
m2pi = (m
ζ
u +m
ζ
d)
κζ
f2pi
, (6)
where κζ is the in-pion chiral condensate [95–98]. (ζ is
the renormalisation scale.) Eq. (6) is a Poincare´-invariant
decomposition of the pion mass. It states that the en-
tirety of the pion-mass-squared is generated by the La-
grangian current-quark mass term; and, moreover, that
the sum of current-quark masses is multiplied by an EHM
enhancement factor, because both κζ , fpi are order para-
meters for DCSB [100]. (Naturally, κζ , fpi also depend
on (mζu + m
ζ
d), but such higher order effects are quanti-
tatively small and qualitatively immaterial in the light-
quark sector [40]. Analogous statements are also true for
the examples that follow in this section.)
One can reveal the strength of the DCSB magnifier by
rewriting Eq. (6) in the following form:
mpi = (m
ζ
u +m
ζ
d) sζ , (7a)
s2ζ =
κζ
(mζu +m
ζ
d)f
2
pi
. (7b)
In bound-states that are readily described by relativistic
quantum mechanics one would have s ≈ 1, viz.
system mass
≈
∑
i in system
(Lagrangian mass of constituent)i . (8)
6Here, however, a description of the physical pion requires
(ζ2 = 2 GeV) [27]:
sζ2 = 20 , (9)
which is a very large EHM-induced enhancement factor.
In the context of Eq. (5), this outcome reveals just how
neat is the balance between one-body dressing and two-
body interaction effects in the pion bound-state: disturb
the pion composite with just a small amount of Higgs-
generated mass and the bound-state’s mass rises very
quickly in response.
The pion’s valence-quark spin-flip partner is the ρ-
meson, for which one can write [101]:
mρ = m
0
ρ + (m
ζ2
u +m
ζ2
d )h
ζ2
ρ , (10)
where the chiral-limit ρ-mass, m0ρ ≈ 0.75 GeV≈ 2M(0),
owes entirely to EHM. (Obviously, m0pi ≡ 0.) Here, the
current-mass enhancement factor hζ2ρ ≈ 3.6, roughly 3.6-
times the value for a typical system in quantum mechan-
ics. The size of hζ2ρ , too, owes largely to EHM.
A similar analysis applies for the proton [101]:
mp = m
0
p + (2m
ζ2
u +m
ζ2
d )h
ζ2
p ; (11)
once again, m0p ≈ 3M(0) owes entirely to EHM; which is
also the primary source for the magnitude of the current-
mass enhancement factor, hζ2p ≈ 7.1.
These three examples illustrate some general rules for
hadron masses: (i) estimates based on notions familiar
from relativistic quantum mechanics, Eq. (8), typically
arrive at only ∼ 1% of a hadron’s mass – hence, the
Higgs mechanism alone is responsible for just ∼ 1% of
visible mass; (ii) the contribution of the current-mass
term in QCD’s Lagrangian is strongly enhanced as a con-
sequence of EHM, in particular for the pion; and (iii) in
all systems for which no symmetry ensures Eq. (5), EHM
is key to more than 98% of a hadron’s mass. It is worth
highlighting that these features lay the foundation which
guarantees, inter alia, accuracy of equal spacing rules in
the hadron spectrum [102–105].
VI. EXPRESSIONS OF EHM IN NG MODE
PARTON DISTRIBUTIONS
QCD’s interactions are universal, i.e. they are the same
in all hadrons. Hence, cancellations similar to those indi-
cated by Eq. (5) take place within the proton. However,
as just noted, in the proton, no symmetry requires the
cancellations to be complete. Thus, the value of the pro-
ton’s mass is typical of the magnitude of scale breaking
in the one-body sectors, viz. the gluon and quark mass
scales, m0 and M(0), respectively. In fact, no signifi-
cant hadronic mass scale is possible unless one of similar
size is expressed in the dressed-propagators of gluons and
quarks. It follows that the mechanism(s) responsible for
EHM can be exposed by measurements sensitive to such
0.0 0.25 0.50 0.75 1.0
0.0
0.5
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x
φ K&
φ π
FIG. 4. Parton distribution amplitudes (PDAs) for the
pi meson (dashed blue curve) – based on the results in
Refs. [106, 107]; and kaon (solid green curve within the shaded
green band – based on the discussion in Ref. [26]. (The PDAs
are drawn at the hadronic scale, ζH = m0, whose value is
explained elsewhere [52, 60, 61].) The asymptotic profile
[108–110]: ϕas(x) = 6x(1 − x), is drawn as the dotted black
curve. Following intense effort, the pion PDA is well known
[106, 107, 111]; consequently, we only display uncertainty on
the kaon PDA, the origin of which is discussed in Ref. [26,
Sec. 6.2]. Evidently, all PDAs are broadened with respect to
ϕas(x); and the peak in the kaon’s distribution amplitude is
shifted from xpi = 0.5 to xK = 0.43(4). Both effects are con-
sequences of EHM. Notably, xpi/xK ≈ fK/fpi, viz. the ratio
of meson leptonic decay constants, each of which is an order
parameter for DCSB. This relationship between the magni-
tude of SU(3)-flavour symmetry breaking and the mass-scales
associated with EHM is observed in all relevant observables.
(See, e.g. Refs. [107, 112–114].)
dressing. This potential is offered by a large array of ob-
servables, e.g.: spectra and static properties; form factors
– elastic and transition; and all types of parton distribu-
tions. Hereafter, we sketch a few topical examples.
A. Pion Parton Distributions
Considering only their valence-quark content, pions are
Nature’s simplest hadrons: pi+ ∼ ud¯, pi− ∼ du¯, pi0 ∼
uu¯−dd¯. Hence, a basic quantity in any discussion of their
structure is the associated distribution function, qpi(x; ζ).
This density charts the probability that a valence q -quark
in the pion carries a light-front fraction x of the system’s
total momentum; and one of the earliest predictions of
the parton model, augmented by features of perturbative
QCD (pQCD), is [106, 115–118]:
qpi(x ' 1; ζ = ζH) ∝ (1− x)2 , (12)
where ζH is an energy scale characteristic of strong gauge-
sector dynamics [52, 60, 61]. Moreover, the exponent
evolves as ζ increases beyond ζH , becoming 2 + γ, where
γ & 0 is an anomalous dimension that increases logarith-
7FIG. 5. Pion valence-quark momentum distribution func-
tion, xupi(x; ζ5): solid blue curve – modern continuum calcula-
tion [60, 61]; long-dashed black curve – early continuum anal-
ysis [127]; and dot-dot-dashed grey curve – lQCD result [130].
Gluon momentum distribution, xgpi(x; ζ5) – dashed green
curve; and sea-quark momentum distribution, xSpi(x; ζ5) –
dot-dashed red curve. Data [purple] from Ref. [124], rescaled
following Ref. [129]. (The shaded bands indicate the size of
calculation-specific uncertainties [60, 61]. Our convention in
drawing such plots is 〈x(2qpi + Spi + gpi)〉 = 1.)
mically with ζ. (Using G -parity symmetry, a good ap-
proximation in the Standard Model, d¯pi
+
(x) = upi
+
(x).)
qpi(x) is measurable in pi-nucleon Drell-Yan (DY) ex-
periments [119–125]. However, conclusions drawn from
analyses of these experiments are controversial [126]. For
instance, using a leading-order (LO) pQCD analysis of
their data, Ref. [124] (the E615 experiment) reported
qpiE615(x ' 1; ζ5 = 5.2 GeV) ∝ (1− x)1 , (13)
in conflict with Eq. (12). Subsequent calculations [127]
confirmed Eq. (12), prompting reconsideration of the
E615 analysis, with the result that, at next-to-leading
order (NLO) and including soft-gluon resummation [128,
129], the E615 data become consistent with Eq. (12).
Notwithstanding this progress, uncertainty over
Eq. (12) will remain until other analyses of the E615
data incorporate threshold resummation effects; a step
whose importance is acknowledged [131]: “Furthermore,
the present analysis does not include threshold resumma-
tion effects, which are known to be important at large
x [129, 132], and this will be examined in a separate
analysis.” Independent of that, modern data must
be obtained. The latter are forthcoming because rele-
vant tagged deep-inelastic scattering experiments are ap-
proved at Jefferson Laboratory (JLab) [133–135] and the
goal has high priority at other existing and anticipated
facilities [136–142]. Meanwhile, models that are com-
patible with Eq. (13) but inconsistent with Eq. (12), e.g.
Refs. [143–145], continue to draw support from careful
but incomplete analyses of data [118].
Fortunately, real progress in QCD theory continues un-
abated. For instance, novel lQCD algorithms [146–150]
are beginning to yield results for the pointwise behaviour
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FIG. 6. Distributions from Refs. [60, 61] evaluated at
ζ = ζ2 = 2 GeV: p = valence – solid blue curve; p = glue
– long dot-dot-dashed green; and p = sea – dot-dashed red.
Phenomenological results (ζ = 3.2 GeV) from Ref. [131, Fig. 2]
are plotted for comparison: p = valence – short-dashed blue;
p = glue – long-dashed dark-green; and p = sea – dashed red.
of the pion’s valence-quark distribution [130, 151–154].
Furthermore, extensions of the continuum analysis in
Ref. [127] have yielded the first parameter-free predic-
tions of the valence, glue and sea distributions within the
pion [60, 61]; and revealed that, like the pion’s leading-
twist parton distribution amplitude (PDA), depicted in
Fig. 4, the valence-quark distribution function is hard-
ened by DCSB, i.e. as an immediate consequence of
EHM.
The continuum predictions from Refs. [60, 61] are de-
picted in Fig. 5. Portentously, the result for upi(x; ζ5),
i.e. the solid blue curve in Fig. 5, matches that obtained
using lQCD [130]. (Here, we have included the theory
uncertainty band described in Refs. [60, 61], which re-
flects the precision in αˆ(k2 = 0), Eq. (1). Note, too,
that the lQCD result is consistent with the prediction in
Ref. [127], made twenty years ago.) Evidently, a modern
confluence has been reached: two disparate treatments of
the pion bound-state problem have arrived at the same
prediction for the pion’s valence-quark distribution func-
tion, thus demonstrating that real strides are being made
toward understanding pion structure. Plainly, the Stan-
dard Model prediction, Eq. (12), is stronger than ever
before; and an era is dawning in which the ultimate ex-
perimental checks can be made [140, 141, 155].
Fig. 5 also displays predictions for the sea and glue
distributions within the pion. Context for those results
is provided in Fig. 6, which compares the predictions from
Refs. [60, 61] with fits from a global analysis of combined
piN DY and leading-neutron electroproduction data [156,
157]. DGLAP evolution is logarithmic and the ζ-scales
are similar; hence, direct comparisons are valid.
Regarding Fig. 6, the following remarks are required.
(i) Even though both depicted valence distributions yield
compatible momentum fractions (〈2x〉pi = 0.48(3) [60, 61]
cf. 〈2x〉pi = 0.49(2) [131], the x-profiles are very different.
This is readily understood. The results in Refs. [60, 61]
8are predictions obtained using a symmetry-preserving
truncation of QCD’s continuum bound-state equations.
They preserve QCD constraints on PDFs and agree with
the complete next-to-leading-order analysis of E615 data
in Ref. [129], which includes threshold resummation ef-
fects. On the other hand, the analysis in Ref. [131] ig-
nores threshold resummation and delivers a result for the
valence distribution that is inconsistent with QCD, as it
manifests in Eq. (12). The future here is improved phe-
nomenological analyses and a series of new experiments.
(ii) The gluon distribution predicted in Refs. [60, 61]
and that fitted in Ref. [131]: yield compatible momentum
fractions, 0.41(2) cf. 0.35(3); and are pointwise similar on
x > 0.05. This is notable because the glue distributions
in Fig. 6 are quite different from those inferred in earlier
analyses [158, 159]; an outcome which highlights the need
for new experiments that are directly sensitive to the
pion’s gluon content. Such a need can be addressed by
measurements of prompt photon and J/Ψ production.
Here, new experiments are proposed at CERN by the
COMPASS++/AMBER Collaboration [140].
(iii) Refs. [60, 61] predict 〈x〉pisea = 0.11(2) cf. 〈x〉pisea =
0.16(2) in Ref. [131]. This ∼ 35% difference is expressed
in markedly different x-profiles for the sea-quark distri-
butions plotted in Fig. 6. Thus if the pion’s gluon con-
tent is considered uncertain, then it would be fair to de-
scribe the sea-quark distribution as empirically unknown.
Hence, there is excellent cause to follow the suggestion
in Ref. [160] and seek information by collecting DY data
using pi± beams on isoscalar targets [140].
It is worth highlighting that EHM-induced broadening
of the pion PDF as found in Refs. [60, 61] is crucial to
the agreement with data [129] and the new lQCD result
[130]. With hindsight, the existence of such broadening
is not surprising. It could have been anticipated from
the relationship existing between leading-twist PDAs and
valence-quark PDFs, expressed via a meson’s light-front
wave function, ψ(x, k2⊥), where k⊥ is the light-front trans-
verse momentum:
ϕ(x) ∼
∫
d2k⊥ψ(x, k2⊥) , (14a)
q(x) ∼
∫
d2k⊥|ψ(x, k2⊥)|2 . (14b)
Indeed, since factorised representations of pion and kaon
light-front wave functions are often reliable for integrated
quantities [151], it is a good approximation to write
qpi,K(x; ζH) ∝ ϕqpi,K(x; ζH)2, (15)
where the constant of proportionality is fixed by baryon
number conservation. Owing to parton splitting effects,
Eq. (15) is not valid on ζ > ζH . Nevertheless, since the
evolution equations for both PDFs and PDAs are known,
the connection is not lost; it merely metamorphoses.
Employing Eq. (15), one obtains the pi- and K-meson
u-quark distribution functions depicted in Fig. 7 when
using the approximation to αˆ(k2) detailed in Ref. [61,
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FIG. 7. Parton distribution functions corresponding to the
PDAs in Fig. 4: upi(x; ζ5) – dashed blue curve; and uK(x; ζ5)
– solid green curve within green bands. The dashed red curve
within red bands is s¯K(x; ζ5), computed as described in con-
nection with Eq. (16).
Eq. (23)] to integrate the one-loop DGLAP equations
[62–65] and evolve upi,K(x; ζH) to upi,K(x, ζ5). (As a
first step, we used splitting kernels for massless partons.
Given the importance of EHM, this should be improved
in future because, e.g. heavier quarks radiate gluons less
readily than lighter quarks and gluons produce fewer
heavy quark+antiquark pairs [161, 162]. Such effects are
ignored in massless splitting functions [163–165].)
B. Balancing EHM and the Higgs Mechanism
The potential of pion structure function measurements
to expose emergent mass is greatly enhanced if one in-
cludes similar kaon measurements. This is illustrated
by considering leading-twist meson PDAs, a number of
which are depicted in Fig. 8. The image answers the fol-
lowing question: When does the Higgs mechanism begin
to influence mass generation? In the limit of infinitely-
heavy quarks, i.e. when the Higgs mechanism has over-
whelmed every other mass generating force, the PDA be-
comes δ(x−1/2). The heavy ηc meson, constituted from
a valence charm-quark and its antimatter partner, feels
the Higgs mechanism strongly. Conversely, contempo-
rary calculations predict that, compared with the scale-
free asymptotic profile, ϕas(x), the PDA for the light-
quark pion is a broadened, flattened, unimodal function
[106, 166]. Such features are a definitive signal that pion
properties express emergent mass generation. The re-
maining example in Fig. 8 is the PDA for a system com-
posed of strange quarks. It almost matches ϕas(x); thus,
this system lies in the neighbourhood of the boundary,
with strong (emergent) mass generation and the weak
(Higgs-connected) mass playing a roughly equal roˆle.
It follows that comparisons between distributions
within systems constituted solely from light valence
quarks and those associated with systems containing
9FIG. 8. Twist-two parton distribution amplitudes at a re-
solving scale ζ = 2 GeV=: ζ2. A solid (green) curve pion ⇐
emergent mass generation is dominant; B dot-dashed (blue)
curve ηc meson ⇐ Higgs mechanism is the primary source
of mass generation; C solid (thin, purple) curve – asymptotic
profile, ϕas(x); and D dashed (black) curve “heavy-pion”, i.e.
a pion-like pseudo-scalar meson in which the valence-quark
current masses take values corresponding to a strange quark
⇐ the boundary, where emergent and Higgs-driven mass gen-
eration are equally important.
strange quarks are ideally suited to exposing measur-
able signals of EHM in counterpoint to Higgs-driven ef-
fects. An example may be found in the contrast between
the valence-quark PDFs of the pion and kaon at large
Bjorken-x. Here, a significant disparity between the dis-
tributions could point to a marked difference between
the fractions of pion and kaon momentum carried by the
other bound state participants, particularly gluons.
C. Host-dependence of light-quark distributions
A prediction for the ratio uK(x; ζ5)/upi(x; ζ5) was de-
livered in [113]. The results are consistent with the view-
point presented above, viz. the gluon content of the kaon
at ζK = 0.51 GeV is just 5±5%, whereas that for the pion
is ∼ 30%. Ref. [113] found that these marked differences
between the gluon content of the pion and kaon persist
to large resolving scales, e.g. at ζ = 2 GeV, the gluon mo-
mentum fraction in the pion is still ∼ 40% greater than
that in the kaon. Moreover, this difference in gluon con-
tent is expressed in the large-x behaviour of the pi and
K valence-quark PDFs. As such, it is a conspicuous em-
pirical signal of the almost pure NG-boson character of
the pion, marking the near perfect expression of Eq. (5)
in this almost-massless state as compared to the incom-
plete cancellation in the s-quark-containing kaon.
There are two issues here. First, again, there is only
one forty-year-old measurement of uK(x)/upi(x) [119];
hence, agreement between this experimental data and the
prediction in Ref. [113] might be accidental. A modern
measurement is essential.
Second, Ref. [113] employed algebraic models for the
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FIG. 9. uK(x; ζ5)/upi(x; ζ5) computed from the PDFs in
Fig. 7. Uncertainty in the kaon PDA, Fig. 4, is propagated
through the PDF into the behaviour of this ratio on x & 0.5.
These differences will also be expressed in the sea and glue
distributions.
elements needed to compute the structure function, i.e.
dressed-quark propagators, meson Bethe-Salpeter ampli-
tudes and dressed-photon-quark vertex. The analysis
should thus be repeated using the most sophisticated de-
scription of quark+antiquark scattering that is now avail-
able, viz. the DCSB-improved (DB) quark+antiquark
scattering kernel [167, 168]. It should also incorporate
the connection between ζH and the RGI PI charge, Fig. 3,
developed in Refs. [52, 60, 61] and the expression of this
relationship in DGLAP evolution.
One can embark upon this theory improvement by
using Eq. (15) and DB-results for the pi- and K-meson
PDAs. Fig. 4 depicts modern reappraisals of these
functions, which yield the PDFs in Fig. 7. Working
with the PDFs depicted, one obtains the results for
uK(x; ζ5)/upi(x; ζ5) drawn in Fig. 9. Evidently, the un-
certainty existing in the kaon PDA, Fig. 4, is expressed
in the behaviour of this ratio on x & 0.5: a broader
kaon PDA yields a ratio closer to unity at x = 1.
Such differences must also manifest themselves in results
for the kaon’s sea and glue distributions; and the cal-
culation of these functions, following the procedure in
Refs. [60, 61], must now be given high priority. Here
the use of mass-dependent DGLAP splitting functions
will be crucial. A crude estimate, based on the ratio
of dressed-quark mass functions at infrared momenta,
which controls many EHM-induced violations of SU(3)-
flavour symmetry, suggests such mass-corrections will
lead to a form of s¯K(x; ζ5) like that sketched in Fig. 7,
which yields
〈x[uK(x; ζ5) + s¯K(x; ζ5)]〉/[2〈upi(x; ζ5)〉] ∼ 1.2 , (16)
with 〈xζ5〉Kglue ∼ 0.84〈xζ5〉piglue, 〈xζ5〉Ksea ∼ 0.96〈xζ5〉pisea.
However, detailed calculations are necessary to improve
these simple estimates.
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VII. CONCLUDING REMARKS
Discovery of the Higgs boson was a watershed in mod-
ern physics. Now that science has located the source for
. 2% of the mass of visible matter, the focus can shift
to searching for the origin of the remaining & 98%. The
mechanism at work here must be capable of simultane-
ously generating the 1 GeV mass-scale associated with
the nucleon and ensuring that this mass-scale is com-
pletely hidden in the chiral-limit pion, which must be
massless.
This contribution adopts the view that a single renor-
malisation group invariant (RGI) mass-scale, m0, emer-
ges from strong interactions within the Standard Model
and all mass-dimensioned quantities derive their exis-
tence and values from m0. Furthermore, that m0 is the
value of the running gluon mass in the infrared. A com-
bination of the best available continuum and lattice anal-
yses yields m0 = 0.43(1) GeV. This value is roughly half
the nucleon mass, mN , even though the value of mN
played no direct role in determining it.
The existence of m0 ≈ mN/2 enables an infrared com-
pletion of QCD because it provides for a unique math-
ematical definition of a RGI process-independent (PI)
running coupling, αˆ(k2), which is a smooth function of
spacelike momentum-transfers and saturates to a finite
value at k2 = 0: αˆ(0)/pi = 0.97(4) [Fig. 3]. There is no
Landau pole. With this appearance of an infrared stable
fixed point and the associated behaviour of αˆ(k2), QCD is
seen to be approximately scale-invariant on 0 < k2 . m20:
running practically stops within this conformal window.
The emergence of m0 expresses itself in all sectors
of the strong interaction. For instance, αˆ(k2) controls
the kernel of QCD’s gap equation; and with the pre-
dicted behaviour of the coupling, the gap equation re-
turns a momentum-dependent solution for the dressed-
quark mass, M(k2), with M(0) ≈ mN/3 in the absence
of a Higgs mechanism. Hence, QCD dynamics generates
mass from nothing in both the gauge and matter sec-
tors.3 These outcomes are the basis for the emergence of
hadronic mass (EHM).
It is worth highlighting here that confinement is one
word that means many things, inter alia: the only mea-
surable asymptotic states are colour-singlets; observable
states are colour neutral over a finite, nonzero spacetime
volume; and the length scale characterising this volume
plays a key roˆle in defining what is meant by an asymp-
totic state. Evidently, therefore, empirical confinement is
impossible without the existence of a mass-scale. Hence,
confinement and EHM are tightly linked, perhaps in-
extricably. This connection is highlighted by the fact
that hadrons are characterised by electromagnetic ra-
dii r ∼ 1/m0 ≈ 0.5 fm. It should further be recorded
3 Notably, the distinction between gauge and matter sectors is
lost if hybrid and/or glueball states are found; and there is every
reason to expect they will be.
that owing to the emergence of running masses for the
gluon and quark, the analytic structure of the associ-
ated Schwinger functions changes dramatically; and it
can therefrom be argued that parton fragmentation func-
tions provide a clean, empirically-accessible expression of
confinement [Sec. IV].
A striking feature of QCD is that EHM is hidden in
the pion mass: mpi ≡ 0 in the absence of a Higgs me-
chanism, no matter how large is the value of mN . Al-
though it is hidden here, EHM is not dormant. Indeed,
the pion is massless because the EHM mechanism en-
forces complete cancellations between 2× one-body and
1× two-body dressing effects [Sec. V]. In other channels,
the cancellations are neither complete nor tuned; hence,
all other hadron masses take values commensurate with
m0. Moreover, for every hadron, EHM introduces a dy-
namical enhancement factor that multiplies the contribu-
tion from the Higgs-generated current-mass term to that
hadron’s mass. For the nucleon, this factor is almost one
order-of-magnitude.
In our view, the emergence of m0 and its expression in
the properties of αˆ(k2) are the keys to explaining EHM.
A primary goal, therefore, is to elucidate those of their
manifold consequences which are best suited to empiri-
cal observation. This potential is expressed in all areas
of hadro-particle physics. Herein, we concentrated on
signature features of pion and kaon parton distributions
(PDFs) [Sec. VI].
In connection with such PDFs, we highlighted a thirty-
year controversy, which began with Ref. [124]. Namely,
QCD makes a clean prediction for the large-x behaviour
of the PDF associated with spin-zero hadrons at the
hadronic scale, q(x; ζH = m0) [Eq. (12)]. The hadronic
scale, ζH , is not accessible in Drell-Yan (DY) and deep
inelastic scattering (DIS) processes because certain kine-
matic conditions need to be met in order for the data
to be interpreted in terms of distribution functions. In
these circumstances, the QCD prediction translates into
the following statement:
q(x ' 1; ζ > ζH) ∝ (1− x)β , β > 2 . (17)
Modern QCD-connected theory conforms with Eq. (17);
but many models do not.
Amongst extant analyses of data relating to the pion’s
valence-quark PDF, only Ref. [129] employs a fully con-
sistent next-to-leading-order analysis, including thresh-
old resummation; and only this study yields a result for
qpi(x; ζ) which agrees with Eq. (17). All other analyses
ignore threshold resummation, producing β < 2, in con-
flict with Eq. (17) but consistent with some of the popular
models. A mismatch with QCD for the phenomenolog-
ically determined valence quark distribution means that
contingent results for the pion’s sea and glue distributions
are potentially unsound [Fig. 6]. This is an issue because
reliable empirically derived information about the pion’s
sea and glue content is highly desirable.
These remarks highlight that NG modes are far more
complex than is typically thought. They are not point-
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like; they are intimately connected with the origin of
mass; and they probably play an essential part in any
answer to the question of gluon and quark confinement
in the physical Universe [Sec. IV]. Indeed, the internal
structure of NG modes is intricate; and that structure
provides the clearest window onto EHM, e.g. the EHM
mechanism may entail that the gluon content within Na-
ture’s only near-pure Nambu-Goldstone mode, the pion,
is significantly larger than that in any other hadron. This
notion can be tested in comparisons between measure-
ments of pion and kaon parton distribution amplitudes
and functions.
Pions and kaons are critical to the formation of ev-
erything from nucleons, to nuclei, and on to neutron
stars. Hence, new-era experiments capable of validating
the predictions described herein are of the highest prior-
ity. With validation, an entire chapter of the Standard
Model, whose writing began more than eighty years ago
[169], can be completed and closed with elucidation of
the structural details of the Standard Model’s only NG
modes.
The hunt for an understanding of more-than 98% of
the visible mass in the Universe has been underway for
more than forty years [15–22]. Now, however, with the
Higgs boson catalogued, the curtain has been swept away
and a wider community can see the need for this search.
The key to understanding the origin and properties of
the vast bulk of all known matter is the strong interac-
tion sector of the Standard Model. The current paradigm
is QCD, plausibly the only mathematically well defined
four-dimensional theory that science has ever produced.
Hence, the goal is to reveal the content of strong-QCD.
In working toward this, no one approach is sufficient.
Progress and insights are being delivered by an amalgam
of experiment, phenomenology and theory; and contin-
ued exploitation of the synergies between these efforts is
essential if science is to capitalise on new opportunities
provided by existing and planned facilities.
Acknowledgments. This summary of our contributions
to the “40th Max Born Symposium”, held in the Insti-
tute of Theoretical Physics at the University of Wroc law,
Poland, 9-12 October 2019, is based on results obtained
through collaborations with many people, to all of whom
we are greatly indebted. We are also grateful to the or-
ganisers of this Symposium, for their assistance, kind-
ness and hospitality; and to V. Andrieux, W.-C. Chang,
O. Denisov, J. Friedrich, W. Melnitchouk, W.-D. No-
vak, S. Platchkov, M. Quaresma and C. Quintans – from
whom we received valuable input during preparation of
this manuscript. Work and participation supported in
part by: Jiangsu Province Hundred Talents Plan for Pro-
fessionals; and Polish Academy of Sciences.
[1] G. Aad et al., Phys. Lett. B 716, 1 (2012).
[2] S. Chatrchyan et al., Phys. Lett. B 716, 30 (2012).
[3] F. Englert, Rev. Mod. Phys. 86, 843 (2014).
[4] P. W. Higgs, Rev. Mod. Phys. 86, 851 (2014).
[5] M. Limon et al., Wilkinson Microwave Anisotropy
Probe (WMAP): Explanatory Supplement,
lambda.gsfc.nasa.gov/data/map/doc/MAP supplement.pdf,
2003.
[6] C. Seife, Science 302, 2038 (2003).
[7] H. D. Politzer, Proc. Nat. Acad. Sci. 102, 7789 (2005).
[8] F. Wilczek, Proc. Nat. Acad. Sci. 102, 8403 (2005).
[9] D. Gross, Proc. Nat. Acad. Sci. 102, 9099 (2005).
[10] K. G. Wilson, Phys. Rev. D 10, 2445 (1974).
[11] The Millenium Prize Problems, eds. J. Carlson, A. Jaffe,
and A. Wiles. (American Mathematical Society, Provi-
dence, 2006).
[12] R. E. Taylor, Rev. Mod. Phys. 63, 573 (1991).
[13] H. W. Kendall, Rev. Mod. Phys. 63, 597 (1991).
[14] J. I. Friedman, Rev. Mod. Phys. 63, 615 (1991).
[15] K. D. Lane, Phys. Rev. D 10, 2605 (1974).
[16] H. D. Politzer, Nucl. Phys. B 117, 397 (1976).
[17] H. Pagels, Phys. Rev. D 19, 3080 (1979).
[18] J. M. Cornwall, Phys. Rev. D 26, 1453 (1982).
[19] K. Higashijima, Phys. Rev. D 29, 1228 (1984).
[20] H. J. Munczek and A. M. Nemirovsky, Phys. Rev. D
28, 181 (1983).
[21] P. I. Fomin, V. P. Gusynin, V. A. Miransky and Y. A.
Sitenko, Riv. Nuovo Cim. 6N5, 1 (1983).
[22] R. T. Cahill and C. D. Roberts, Phys. Rev. D 32, 2419
(1985).
[23] A. C. Aguilar, D. Binosi and J. Papavassiliou, Front.
Phys. China 11, 111203 (2016).
[24] Y. Nambu, Phys. Rev. 117, 648 (1960).
[25] J. Goldstone, Nuovo Cim. 19, 154 (1961).
[26] T. Horn and C. D. Roberts, J. Phys. G. 43, 073001
(2016).
[27] M. Tanabashi et al., Phys. Rev. D 98, 030001 (2018).
[28] C. M. G. Lattes, H. Muirhead, G. P. S. Occhialini and
C. F. Powell, Nature 159, 694 (1947).
[29] G. D. Rochester and C. C. Butler, Nature 160, 855
(1947).
[30] W. J. Marciano and H. Pagels, Phys. Rept. 36, 137
(1978).
[31] J. Bjorken and E. A. Paschos, Phys. Rev. 185, 1975
(1969).
[32] C. D. Roberts, Few Body Syst. 58, 5 (2017).
[33] M. S. Bhagwat, M. A. Pichowsky, C. D. Roberts and
P. C. Tandy, Phys. Rev. C 68, 015203 (2003).
[34] P. O. Bowman et al., Phys. Rev. D 71, 054507 (2005).
[35] M. S. Bhagwat and P. C. Tandy, AIP Conf. Proc. 842,
225 (2006).
[36] P. Maris, C. D. Roberts and P. C. Tandy, Phys. Lett.
B 420, 267 (1998).
[37] S.-X. Qin, C. D. Roberts and S. M. Schmidt, Phys.
Lett. B 733, 202 (2014).
[38] D. Binosi, L. Chang, S.-X. Qin, J. Papavassiliou and
C. D. Roberts, Phys. Rev. D 93, 096010 (2016).
[39] A. Bender, C. D. Roberts and L. von Smekal, Phys.
Lett. B 380, 7 (1996).
[40] P. Maris and C. D. Roberts, Phys. Rev. C 56, 3369
(1997).
[41] G. Eichmann, R. Alkofer, A. Krassnigg and D. Nic-
12
morus, Phys. Rev. Lett. 104, 201601 (2010).
[42] V. Gribov, Eur. Phys. J. C 10, 71 (1999), [,239 (1998)].
[43] Y. L. Dokshitzer, Perturbative QCD theory (includes
our knowledge of α(s)) - hep-ph/9812252, in High-
energy physics. Proceedings, 29th International Confer-
ence, ICHEP’98, Vancouver, Canada, July 23-29, 1998.
Vol. 1, 2, pp. 305–324, 1998.
[44] G. Grunberg, Phys. Rev. D 29, 2315 (1984).
[45] M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300
(1954).
[46] J. M. Cornwall and J. Papavassiliou, Phys. Rev. D 40,
3474 (1989).
[47] A. Pilaftsis, Nucl. Phys. B 487, 467 (1997).
[48] D. Binosi and J. Papavassiliou, Phys. Rept. 479, 1
(2009).
[49] L. F. Abbott, Nucl. Phys. B 185, 189 (1981).
[50] J. C. Taylor, Nucl. Phys. B 33, 436 (1971).
[51] A. A. Slavnov, Theor. Math. Phys. 10, 99 (1972).
[52] Z.-F. Cui et al., Chin. Phys. C 44, 083102 (2020).
[53] J. Rodr´ıguez-Quintero, D. Binosi, C. Mezrag, J. Pa-
pavassiliou and C. D. Roberts, Few Body Syst. 59, 121
(2018).
[54] A. Deur, V. Burkert, J.-P. Chen and W. Korsch, Phys.
Lett. B 650, 244 (2007).
[55] A. Deur, V. Burkert, J.-P. Chen and W. Korsch, Phys.
Lett. B 665, 349 (2008).
[56] A. Deur, S. J. Brodsky and G. F. de Teramond, Prog.
Part. Nucl. Phys. 90, 1 (2016).
[57] D. Binosi, C. Mezrag, J. Papavassiliou, C. D. Roberts
and J. Rodr´ıguez-Quintero, Phys. Rev. D 96, 054026
(2017).
[58] C. Becchi, A. Rouet and R. Stora, Annals Phys. 98,
287 (1976).
[59] I. V. Tyutin, (1975), Gauge Invariance in Field
Theory and Statistical Physics in Operator Formalism,
arXiv:0812.0580 [hep-th].
[60] M. Ding et al., Chin. Phys. (Lett.) 44, 031002 (2020).
[61] M. Ding et al., Phys. Rev. D 101, 054014 (2020).
[62] Y. L. Dokshitzer, Sov. Phys. JETP 46, 641 (1977).
[63] V. N. Gribov and L. N. Lipatov, Sov. J. Nucl. Phys.
15, 438 (1972).
[64] L. N. Lipatov, Sov. J. Nucl. Phys. 20, 94 (1975).
[65] G. Altarelli and G. Parisi, Nucl. Phys. B 126, 298
(1977).
[66] H. L. L. Roberts, C. D. Roberts, A. Bashir, L. X.
Gutie´rrez-Guerrero and P. C. Tandy, Phys. Rev. C 82,
065202 (2010).
[67] H. L. L. Roberts, A. Bashir, L. X. Gutie´rrez-Guerrero,
C. D. Roberts and D. J. Wilson, Phys. Rev. C 83,
065206 (2011).
[68] C. Chen et al., Phys. Rev. C 87, 045207 (2013).
[69] Y. Lu et al., Phys. Rev. C 96, 015208 (2017).
[70] K. Raya, M. A. Bedolla, J. J. Cobos-Mart´ınez and
A. Bashir, Few Body Syst. 59, 133 (2018).
[71] P.-L. Yin et al., Phys. Rev. D 100, 034008 (2019).
[72] G. S. Bali, H. Neff, T. Duessel, T. Lippert and
K. Schilling, Phys. Rev. D 71, 114513 (2005).
[73] Z. Prkacin et al., PoS LAT2005, 308 (2006).
[74] L. Chang, I. C. Cloe¨t, B. El-Bennich, T. Kla¨hn and
C. D. Roberts, Chin. Phys. C 33, 1189 (2009).
[75] J. Glimm and A. Jaffee, Quantum Physics. A Func-
tional Point of View (Springer-Verlag, New York, 1981).
[76] M. Stingl, Phys. Rev. D 34, 3863 (1986), [Erratum:
Phys. Rev. D 36, 651 (1987)].
[77] C. D. Roberts, A. G. Williams and G. Krein, Int. J.
Mod. Phys. A 7, 5607 (1992).
[78] C. J. Burden, C. D. Roberts and A. G. Williams, Phys.
Lett. B285, 347 (1992).
[79] F. T. Hawes, C. D. Roberts and A. G. Williams, Phys.
Rev. D 49, 4683 (1994).
[80] P. Maris, Phys. Rev. D 50, 4189 (1994).
[81] C. D. Roberts and A. G. Williams, Prog. Part. Nucl.
Phys. 33, 477 (1994).
[82] M. Bhagwat, M. Pichowsky and P. C. Tandy, Phys.
Rev. D 67, 054019 (2003).
[83] C. D. Roberts, Prog. Part. Nucl. Phys. 61, 50 (2008).
[84] A. Bashir, A. Raya, S. Sa´nchez-Madrigal and C. D. Ro-
berts, Few Body Syst. 46, 229 (2009).
[85] S. Strauss, C. S. Fischer and C. Kellermann, Phys. Rev.
Lett. 109, 252001 (2012).
[86] A. Bashir, A. Raya and J. Rodr´ıguez-Quintero, Phys.
Rev. D 88, 054003 (2013).
[87] S.-X. Qin and D. H. Rischke, Phys. Rev. D 88, 056007
(2013).
[88] P. Lowdon, J. Math. Phys. 57, 102302 (2016).
[89] W. Lucha and F. F. Scho¨berl, Phys. Rev. D 93, 056006
(2016).
[90] D. Binosi, C. D. Roberts and J. Rodr´ıguez-Quintero,
Phys. Rev. D 95, 114009 (2017).
[91] D. Binosi and R.-A. Tripolt, Phys. Lett. B 801, 135171
(2020).
[92] V. N. Gribov and L. N. Lipatov, Phys. Lett. B 37, 78
(1971).
[93] Y. Nambu, AIP Conf. Proc. 1388, 86 (2011).
[94] S. J. Brodsky and R. Shrock, Proc. Nat. Acad. Sci. 108,
45 (2011).
[95] S. J. Brodsky, C. D. Roberts, R. Shrock and P. C.
Tandy, Phys. Rev. C 82, 022201(R) (2010).
[96] L. Chang, C. D. Roberts and P. C. Tandy, Phys. Rev.
C 85, 012201(R) (2012).
[97] S. J. Brodsky, C. D. Roberts, R. Shrock and P. C.
Tandy, Phys. Rev. C 85, 065202 (2012).
[98] C. D. Roberts, J. Phys. Conf. Ser. 706, 022003 (2016).
[99] M. Gell-Mann, R. J. Oakes and B. Renner, Phys. Rev.
175, 2195 (1968).
[100] A. Bender, D. Blaschke, Y. Kalinovsky and C. D. Ro-
berts, Phys. Rev. Lett. 77, 3724 (1996).
[101] V. V. Flambaum et al., Few Body Syst. 38, 31 (2006).
[102] S. Okubo, Prog. Theor. Phys. 27, 949 (1962).
[103] M. Gell-Mann, Phys. Rev. 125, 1067 (1962), See also
“The Eightfold Way: A Theory of Strong Interaction
Symmetry,” DOE Technical Report TID-12608, 1961.
[104] S.-X. Qin, C. D. Roberts and S. M. Schmidt, Phys. Rev.
D 97, 114017 (2018).
[105] S.-X. Qin, C. D. Roberts and S. M. Schmidt, Few Body
Syst. 60, 26 (2019).
[106] L. Chang et al., Phys. Rev. Lett. 110, 132001 (2013).
[107] J. Segovia et al., Phys. Lett. B 731, 13 (2014).
[108] G. P. Lepage and S. J. Brodsky, Phys. Lett. B 87, 359
(1979).
[109] A. V. Efremov and A. V. Radyushkin, Phys. Lett. B
94, 245 (1980).
[110] G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22, 2157
(1980).
[111] S. J. Brodsky and G. F. de Teramond, Phys. Rev. Lett.
96, 201601 (2006).
[112] C. Shi et al., Phys. Rev. D 92, 014035 (2015).
[113] C. Chen, L. Chang, C. D. Roberts, S. Wan and H.-S.
13
Zong, Phys. Rev. D 93, 074021 (2016).
[114] F. Gao, L. Chang, Y.-X. Liu, C. D. Roberts and P. C.
Tandy, Phys. Rev. D 96, 034024 (2017).
[115] Z. F. Ezawa, Nuovo Cim. A 23, 271 (1974).
[116] G. R. Farrar and D. R. Jackson, Phys. Rev. Lett. 35,
1416 (1975).
[117] E. L. Berger and S. J. Brodsky, Phys. Rev. Lett. 42,
940 (1979).
[118] L. Chang, K. Raya and X. Wang, (arXiv:2001.07352
[hep-ph]), Pion Parton Distribution Function in Light-
Front Holographic QCD .
[119] J. Badier et al., Phys. Lett. B 93, 354 (1980).
[120] J. Badier et al., Z. Phys. C 18, 281 (1983).
[121] B. Betev et al., Z. Phys. C 28, 15 (1985).
[122] S. Falciano et al., Z. Phys. C 31, 513 (1986).
[123] M. Guanziroli et al., Z. Phys. C 37, 545 (1988).
[124] J. S. Conway et al., Phys. Rev. D 39, 92 (1989).
[125] J. Heinrich et al., Phys. Rev. D 44, 1909 (1991).
[126] R. J. Holt and C. D. Roberts, Rev. Mod. Phys. 82, 2991
(2010).
[127] M. B. Hecht, C. D. Roberts and S. M. Schmidt, Phys.
Rev. C 63, 025213 (2001).
[128] K. Wijesooriya, P. E. Reimer and R. J. Holt, Phys. Rev.
C 72, 065203 (2005).
[129] M. Aicher, A. Scha¨fer and W. Vogelsang, Phys. Rev.
Lett. 105, 252003 (2010).
[130] R. S. Sufian et al., Phys. Rev. D 99, 074507 (2019).
[131] P. C. Barry, N. Sato, W. Melnitchouk and C.-R. Ji,
Phys. Rev. Lett. 121, 152001 (2018).
[132] D. Westmark and J. F. Owens, Phys. Rev. D 95, 056024
(2017).
[133] D. Adikaram et al., (2015), Measurement of Tagged
Deep Inelastic Scattering (TDIS), approved Jefferson
Lab experiment E12-15-006.
[134] D. Adikaram et al., (2015), Measurement of Kaon
Structure Function through Tagged Deep Inelastic Scat-
tering (TDIS), approved Jefferson Lab experiment C12-
15-006A.
[135] J. R. McKenney, N. Sato, W. Melnitchouk and C.-R. Ji,
Phys. Rev. D 93, 054011 (2016).
[136] V. A. Petrov, R. A. Ryutin, A. E. Sobol and M. J.
Murray, Eur. Phys. J. C 72, 1886 (2012).
[137] J.-C. Peng and J.-W. Qiu, The Universe 4, 34 (2016).
[138] J.-C. Peng, W.-C. Chang, S. Platchkov and T. Sawada,
(2017), Valence Quark and Gluon Distributions of Kaon
from J/Psi Production, arXiv:1711.00839 [hep-ph].
[139] T. Horn, AIP Conf. Proc. 1970, 030003 (2018).
[140] O. Denisov et al., arXiv:1808.00848 [hep-ex] Letter of
Intent (Draft 2.0): A New QCD facility at the M2 beam
line of the CERN SPS .
[141] A. C. Aguilar et al., Eur. Phys. J. A 55, 190 (2019).
[142] X. Cao et al., Nucl. Tech. 43, 020001 (2020), Electron
Ion Collider in China (EicC).
[143] W. Broniowski, E. Ruiz Arriola and K. Golec-Biernat,
Phys. Rev. D 77, 034023 (2008).
[144] G. F. de Teramond et al., Phys. Rev. Lett. 120, 182001
(2018).
[145] J. Lan, C. Mondal, S. Jia, X. Zhao and J. P. Vary, Phys.
Rev. D 101, 034024 (2020).
[146] K.-F. Liu and S.-J. Dong, Phys. Rev. Lett. 72, 1790
(1994).
[147] X. Ji, Phys. Rev. Lett. 110, 262002 (2013).
[148] A. V. Radyushkin, Phys. Lett. B 767, 314 (2017).
[149] A. V. Radyushkin, Phys. Rev. D 96, 034025 (2017).
[150] A. J. Chambers et al., Phys. Rev. Lett. 118, 242001
(2017).
[151] S.-S. Xu, L. Chang, C. D. Roberts and H.-S. Zong, Phys.
Rev. D 97, 094014 (2018).
[152] J.-H. Zhang et al., Phys. Rev. D 100, 034505 (2019).
[153] M. Oehm et al., Phys. Rev. D 99, 014508 (2019).
[154] N. Karthik et al., PoS LATTICE2018, 109 (2018).
[155] R. A. Montgomery et al., AIP Conf. Proc. 1819, 030004
(2017).
[156] ZEUS, S. Chekanov et al., Nucl. Phys. B 637, 3 (2002).
[157] H1, F. Aaron et al., Eur. Phys. J. C 68, 381 (2010).
[158] M. Glu¨ck, E. Reya and I. Schienbein, Eur. Phys. J. C
10, 313 (1999).
[159] P. J. Sutton, A. D. Martin, R. G. Roberts and W. J.
Stirling, Phys. Rev. D 45, 2349 (1992).
[160] J. T. Londergan, G. Q. Liu, E. N. Rodionov and A. W.
Thomas, Phys. Lett. B 361, 110 (1995).
[161] L. D. Landau and I. Pomeranchuk, Dokl. Akad. Nauk
Ser. Fiz. 92, 535 (1953).
[162] A. B. Migdal, Phys. Rev. 103, 1811 (1956).
[163] S. Catani, Z. Phys. C 75, 665 (1997).
[164] S. M. Kim, Mod. Phys. Lett. A 16, 467 (2001).
[165] C. Pascaud, (arXiv:1111.3262 [hep-ph]), Generalisation
of DGLAP equations to massive partons.
[166] J.-H. Zhang, J.-W. Chen, X. Ji, L. Jin and H.-W. Lin,
Phys. Rev. D 95, 094514 (2017).
[167] L. Chang and C. D. Roberts, Phys. Rev. Lett. 103,
081601 (2009).
[168] D. Binosi, L. Chang, J. Papavassiliou and C. D. Roberts,
Phys. Lett. B 742, 183 (2015).
[169] H. Yukawa, Proc. Phys. Math. Soc. Jap. 17, 48 (1935).
